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a b s t r a c t

We present an efficient approach for the probability of error (PER) of photon counting statistics in
a pre-amplified optical receiver. Our approach enables a fast and highly accurate calculation of the
instantaneous PER, as well as the average PER in optical wireless communications. By utilizing the
proposed approximation, we assess the performance of an equal gain combiner (EGC) and a selection
combiner (SC) in negative-exponential and γ -γ fading. The results show that the EGC provides a
significant link gain under all fading conditions, while the SC is only viable in strong turbulence.

© 2019 Elsevier B.V. All rights reserved.

1. Introduction

Optical amplification has been extensively studied in optical
wireless communications (OWC) for the compensation of the
signal fades that are introduced when optical beams propagate
through turbulent media [1], such as the atmosphere or the
sea. Amplifiers have been considered in diversity reception [2–
4], relaying [5–7] and signal regeneration [8–10], with a goal to
improve the received signal quality, and therefore, the PER in the
presence of fading.

The PER of the optical receiver is strongly affected but the
noise that is added to the signal during amplification. In direct
detection, the received signal beats with the amplifier noise and
is either modeled as a continuous Gaussian/chi-squared random
variable (RV) [11,12], or as a discrete photon count that follows
a Laguerre probability mass function (pmf) [13]. In the latter de-
scription, the detected photon count amounts to several hundreds
or thousands for typical amplifier gains and the calculation of
the PER proves time consuming, since extensive summations that
involve the Laguerre distribution are required. Furthermore, the
calculation of the average PER proves even more challenging in
an OWC system, given that the PER must be calculated for all
possible channel states.

In this work, we present an efficient approach for calculating
the PER in pre-amplified systems that are modeled using Laguerre
statistics. Our approach is derived from the integral form of the
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Laguerre polynomials and limits the number of terms that are
required to calculate the PER from several hundreds/thousands
to a couple of tens, thus significantly reducing the PER calculation
time. Moreover, we demonstrate that it remains equally accurate
for a range of amplifier gains and optical signal-to-noise ra-
tios (OSNRs) without imposing significant calculation overheads.
Given the limited number of terms that are required, the ap-
proximation is well suited for the calculation of the average
PER in OWCs, either analytically or numerically. We perform the
assessment of the average PER of the pre-amplified receiver in
strong, moderate and weak turbulence conditions. In addition,
we provide analytical and numerical results for receivers with
EGC and SC diversity reception. Our results show that the EGC
is suitable for all turbulence conditions, which is in close agree-
ment with a recent work where we demonstrate that the EGC is
‘‘almost optimal’’ in pre-amplified systems [14]. The SC performs
worse than the EGC in all cases, and also performs worse than a
single receiver system in weak turbulence.

The rest of this paper is structured as follows: In Section 2
we present the novel PER approach and compare it with the
standard one. Section 3 details the OWC system with diversity
and provides instantaneous PER expressions for EGC and SC.
Finally, Sections 4 and 5 present the average PER performance
of the two combiners in negative exponential (strong) and γ -γ
(moderate/weak) turbulence, respectively. The two fading dis-
tributions are in good agreement with channel measurements
and simulations in OWC systems [1,15,16], but do not limit the
applicability of the presented method. The method can be readily
extended in more generalized fading distributions [16,17], as well
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as distributions that model both fading and pointing-errors [18–
21].

2. Photon counter PER

The system under consideration consists of a laser modulating
the information bit stream using on–off keying (OOK) and an
optically pre-amplified receiver [2]. At the receiving side, an
optical antenna, i.e an aperture with adequately large field-of-
view, collects the incoming light and feeds it to the amplifier.
The amplifier boosts the signal intensity and also adds amplified
spontaneous emission (ASE) noise. An optical filter is utilized to
reject out-of-band noise and a polarizer discards any noise that
is not co-polarized with the signal. The filtered optical signal is
then fed to the photon-counter, which can be implemented by a
photodiode and a time-domain integrator [22]. We assume that
the photon counter is ideal and that it produces a discrete photon
count n per bit.

Due to the amplified spontaneous noise from the amplifier, the
photon count corresponds to a Laguerre RV with pmf [22]

p (n, µs,M) =
λn exp

(
−

µs
1+λ

)
(1 + λ)n+M LM−1

n

[
−

µs

λ (1 + λ)

]
, (1)

where λ = µn/M , µs and µn = nsp (G − 1)M denote the average
number of amplified signal and noise photons, respectively, G
is the amplifier gain, nsp is the amplifier population inversion
factor, M equals the number of modes (approximately equal to
the product of the optical filter bandwidth and the bit duration),
and LM−1

n (·) stands for the associated Laguerre polynomial [23,
eq. (8.970/1)].

2.1. Standard PER analytical approach

In OOK the receiver examines the photon count n and decides
on the reception of bits ’1’ and ’0’ by comparing with a threshold
nth. Assuming an equal probability of occurrence for both bits, the
PER is given by

Pe (nth, µs,M) =
P0 (nth,M) + P1 (nth, µs,M)

2
, (2)

where

P0 (nth,M) =

∞∑
k=nth+1

p (k, 0,M) (3)

and

P1 (nth, µs,M) =

nth∑
k=0

p (k, µs,M) , (4)

while the optimal decision threshold n⋆
th, that minimizes Pe, is

calculated in a log-likelihood fashion as

p
(
n⋆
th, 0,M

)
= p

(
n⋆
th, µs,M

)
. (5)

Note that (3) is in the form of an infinite series representation.
Also (4) includes a finite sum of Laguerre polynomials where
a large number of terms must be summed. Thus, (3) and (4)
cannot be directly used for the numerical evaluation of the error
probability in (2), while alternative simplified expressions are not
available to our knowledge.

2.2. Computationally efficient PER analytical approach

Using (3), we evaluate an analytical expression for the error
probability in ’0’ bits. For convenience we here first define y =

λ/(1 + λ), and calculate

P0 (nth,M) = (1 − y)M
∞∑

k=nth+1

(
k + M − 1

k

)
yk

=1 − (1 − y)M
nth∑
k=0

(
k + M − 1

k

)
yk

=
By (nth + 1,M)

B (nth + 1,M)

=
(nth + M)!

(nth + 1)! (M − 1)!
ynth+1

2F1 (nth + 1, 1 − M; nth + 2; y) ,

(6a)

with
(a
b

)
denoting the binomial co-efficient, By (·, ·) being the

incomplete beta function [23, eq. (8.391)] and 2F1 (·, ·; ·; ·) being
the Gauss hypergeometric function [23, eq. (9.100)]. We further
apply transform [23, eq. (9.131.1)] to evaluate P0 as

P0 (nth,M) =
λnth+1

(1 + λ)nth+M+1

(
nth + M
nth + 1

)
× 2F1

(
1, nth + M + 1; nth + 2;

λ

1 + λ

)
.

(6b)

In order to derive a simple to evaluate expression for P1 we
use an integral representation of Laguerre polynomials

LM−1
k (t) =

1
2π ȷ

∮
C

exp(− z t
1−z )

(1 − z)M zk+1 dz , (7)

where ȷ =
√

−1 and C is a contour of integration that encloses
the origin, but not the singularity at z = 1. We here define
t = −µs/[λ (1 + λ)] and calculate I =

∑n
k=0 y

k LM−1
k (t) with the

help of (7) as

I =
1

2π ȷ

∮
C

exp(− z t
1−z )

(1 − z)M z

n∑
k=0

(y
z

)k
dz

=
1

2π ȷ

∮
C

exp(− z t
1−z )

(1 − z)M z

( y
z

)n+1
− 1( y

z

)
− 1

dz

=
yn+1

2π ȷ

∮
C

exp(− z t
1−z )

(1 − z)M zn+1 (y − z)
dz

−
1

2π ȷ

∮
C

exp(− z t
1−z )

(1 − z)M (y − z)
dz .

(8)

After noting that y < 1 in a pre-amplified system, it is straight-
forward to verify that the second integral equals zero, since the
integrand has no poles within C. Moreover, the first integral can
be re-written as

I =
yn+1

2π ȷ

∮
C

exp(− z t
1−z ) z

−(n+1)

(1 − z)M+1
[
1 −

(λ+1)−1

1−z

] dz

=
yn+1

2π ȷ

∮
C

exp
(
−

z t
1−z

)
(1 − z)M+1 zn+1

∞∑
k=0

(λ + 1)−k

(1 − z)k
dz

=
yn+1

2π ȷ

∞∑
k=0

1
(λ + 1)k

∮
C

exp(− z t
1−z ) z

−(n+1)

(1 − z)M+1+k dz

= yn+1
∞∑
k=0

1
(λ + 1)k

LM+k
n (t) .

(9)
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Table 1
Number of terms required for a relative error of 10−3 .

G = 10 G = 100 G = 1000

nth 125 1371 13830
n0 12 11 15

Fig. 1. Error probability for a G = 100 (top) and G = 1000 (bottom)
amplifier. The solid plots correspond to the exact calculation and the plot points
correspond to the proposed approximation. n0 = 20 terms are used for the PER
approximation.

Finally, after combining (1), (4) and (9), we find that

P1 (nth, µs,M) =

(
λ

1 + λ

)nth+1

exp
(

−
µs

1 + λ

)
×

∞∑
k=M

1
(1 + λ)k

Lknth

[
−

µs

λ (1 + λ)

]
.

(10)

By comparing (10) with (4), we observe that (10) includes
an infinite sum of Laguerre polynomials, However, since in pre-
amplified systems λ ≫ 1, the series in (10) is converging fast. In
contrast, the numerical evaluation of (4) imposes that all nth +

1 ≫ 1 terms must be used. Therefore, (10) is practically much
simpler to numerically evaluate P1. In Table 1 we compare the
number of terms n0 that are required to evaluate P1 using (10) as
well as (4), with a relative error of 0.1% for an OSNR = µs/λ = 15
dB, nsp = 1 and M = 4. From this table it can be easily concluded
that only a few terms are sufficient for (10) to achieve the target
relative error for any value of G. More accurate results can be

also obtained by including additional terms with the help of the
following recursive relations for the Laguerre polynomials

Lk+1
n−1 (t) =

n + k
t

Lkn−1 (t) −
n
t
Lkn (t) , (11a)

and

Lk+1
n (t) = Lk+1

n−1 (t) + Lkn (t) . (11b)

Since the above expressions introduce minimal overhead, the
computational time of (10) is mainly determined by the calcu-
lation time of LMnth−1 (t) and LMnth (t). Both can be calculated rela-
tively fast and accurately using standard mathematical software
packages.

The error probability (both using (4) and (10)) is plotted in
Fig. 1 against the OSNR for an amplifier with gain G = 100 and
nsp = 1. The first n0 = 20 terms are kept for the approximation
and the figure shows that the exact and approximated results
coincide. In fact, the approximation has been tested to provide
the exact results for OSNRs up to 30 dB that correspond to unreal-
istically low error probabilities and are not included in the figure.
On the other hand, the inclusion of so few terms means that the
calculation time of the error probability is drastically reduced. In
standard computer hardware and mathematical packages, the ap-
proximate calculation takes less than 1 s to complete irrespective
of the OSNR, while the exact calculation may last for several secs
or tens of secs. When the amplifier gain is increased to G = 1000,
our approximation remains equally accurate and computationally
efficient, despite the fact that the signal and noise photon counts
are increased by a factor of 10. The corresponding PER results
are also shown in Fig. 1, where the same number of summation
terms (n0 = 20) have been utilized in the approximation. Given
that the increase on the amplifier gain does not impact the
computational efficiency and that the PER performance of both
amplifiers is practically identical, we only consider the G = 100
case for application in OWC systems. The utilization of higher
gain amplifiers is not expected to significantly alter the system
performance.

3. OWC system model and average PER

We now consider the performance of the pre-amplified de-
tector in an OWC system, where the number of received signal
photons µs is affected by the turbulent nature of the atmosphere.
We assume that the bit period is much smaller than the fading
timescales (typically msec), therefore the atmospheric channel
state does not change within a counting interval. The average
number of photons that are received µs also remains constant
within this interval and the previously presented PER expres-
sions remain valid for each individual photon count. However, µs
also closely follows the stochastic channel response over longer
timescales and it can be treated as a RV that follows the fading
distribution [2,24,25], producing lower photon counts and higher
PERs when the channel is in a fade.

The impact of the turbulence is partially mitigated by in-
troducing L identical reception branches, as shown in Fig. 2.
Adequate lateral separation between the optical antennas is also
considered to ensure that the received signals are statistically in-
dependent. Each branch produces an instantaneous photon count
nℓ, ℓ = 1, 2, . . . , L following a Laguerre pmf, with shape deter-
mined by µs,ℓ signal photons received in the ℓth branch. The pho-
ton counts are then linearly combined and the detector decides
upon the bit reception.
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Fig. 2. Multibranch OWC system model.

3.1. EGC and SC average PER

In this work we focus on two linear combiners: the EGC, which
adds the photon counts from all branches, and the SC, which
only considers the photon count in the branch with the high-
est instantaneous optical signal power. For identical reception
branches, the pmf of the instantaneous EGC photon count n =∑L

ℓ=1 nℓ is obtained by L successive convolutions of (1). Given the
addition formula for Laguerre polynomials [23, eq. (8.974/4)], the
convolution results in [2]

pegc (n, µs, L,M) = p (n, µs, LM) , (12)

where µs =
∑L

ℓ=1 µs,ℓ equals the sum of signal photons that are
received in all branches. Given µs, the instantaneous PER of EGC
is then calculated from (2) as

Pe, egc (nth, µs, L,M) = Pe (nth, µs, LM) . (13)

Moreover, for SC the instantaneous PER is calculated from (2) as

Pe, sc (nth, µs, L,M) = Pe (nth, µs,M) , (14)

with µs = max{µs,ℓ}, since only one branch is selected.
The average PER of EGC and SC can be obtained by integrating

(13) and (14), respectively, over all possible states of the photon
count µs, i.e.

Pe =

∫
x
Pe (nth, x, L,M) fµs (x) dx , (15)

where fµs (·) denotes the probability density function (pdf) of µs.

3.2. Optimal decision threshold

The decision threshold nth plays an important role in eval-
uating the average PER in (15), based on which, two receiver
types can be implemented. If the instantaneous channel-state
information (CSI) is available at the receiver, then nth is constantly
adapted to the optimal value for the corresponding channel state
x following

p
(
n⋆
th, x, LM

)
= p

(
n⋆
th, 0, LM

)
, (16a)

and

p
(
n⋆
th, x,M

)
= p

(
n⋆
th, 0,M

)
, (16b)

for EGC and SC, respectively. If CSI is not available, then a fixed
optimal threshold is utilized. In the results that are presented in
the following sections for non-CSI receivers, we evaluate the opti-
mal threshold by minimizing (15) numerically. The minimization
process requires the calculation of (15) for a limited number of
thresholds [26], and each calculation is performed in an efficient
manner using the proposed approach.

4. Average PER over negative exponential fading

4.1. Equal gain combiner

The calculation of the average PER requires the knowledge of
the fading distribution of µs =

∑L
ℓ=1 µs,ℓ, where each µs,ℓ follows

a NE pdf

fµs,ℓ (x) =
L
µs

exp
(

−
L x
µs

)
, (17)

with µs corresponding to the total average number of photons
that arrive at the combiner input. Given that the sum of iid NE
RVs follows an Erlang distribution, the pdf of µs is

fµs (x) =

(
L
µs

)L xL−1

(L − 1)!
exp

(
−

L x
µs

)
. (18)

Using (13), (15) and (18) and∫
∞

0

xL−1

(L − 1)!
Lan(−b x) exp (−c x) dx =

=

n∑
j=0

(
n + a
n − j

)
(j + L − 1)!
j! (L − 1)!

bj c−j−L
=

=

(
n + a
n

)
c−L

2F1

(
L , −n ; a + 1; −

b
c

)
,

(19)

with a = LM + i, b = 1/[λ (1 + λ)], c = (1 + λ + µs/L)/[(1 +

λ)µs/L], the average PER of a non-CSI receiver can be analytically
evaluated as

Pe, egc =
1
2

(
P1, egc + P0, egc

)
, (20)

with

P1, egc =

(
1 + λ

1 + λ + µs/L

)L (
λ

1 + λ

)nth+1

×

∞∑
i=LM

(
nth + i
nth

)
1

(1 + λ)i

× 2F1

[
L, −nth; i + 1; −

µs/L
λ
(
1 + λ + µs/L

)]
(21)

and

P0, egc = P0 (nth, LM) . (22)

If a CSI receiver is utilized, then (15) can be evaluated by numer-
ical integration with the help of (13), (16a) and (18).

4.2. Selection combiner

In NE exponential fading, the SC signal photon count µs is
distributed as

fµs (x) = L
(∫ x

0
fµs,ℓ (τ ) dτ

)L−1

fµs,ℓ (x)

=
L2

µs
exp

(
−

L x
µs

) [
1 − exp

(
−

L x
µs

)]L−1

=
L2

µs

L−1∑
ℓ=0

(
L − 1

ℓ

)
(−1)ℓ exp

[
−

L (ℓ + 1) x
µs

]
.

(23)

The average PER of a non-CSI receiver can be analytically calcu-
lated from (2), (15) and (23) using (19), yielding

Pe, sc =
1
2

(
P1, sc + P0, sc

)
, (24)
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Fig. 3. Average error probability for a G = 100 amplifier and M = 2 modes for non-CSI (top) and CSI (bottom) receivers in negative exponential fading. n0 = 20
terms are used for the PER approximation.

with

P1, sc =

(
λ

1 + λ

)nth+1 L−1∑
ℓ=0

∞∑
i=M

(
L − 1

ℓ

)
(−1)ℓ

×
(1 + λ) L

(1 + λ) (ℓ + 1) + µs/L

(
nth + i
nth

) (
1

1 + λ

)i

× 2F1

{
1, −nth; i + 1; −

µs/L
λ [(1 + λ) (ℓ + 1) + µs/L]

} (25)

and

P0, sc = P0 (nth,M) . (26)

Moreover, a CSI receiver requires the numerical evaluation of (15)
using the instantaneous PER from (14), the adaptive threshold
from (16b) and the fading statistics from (23).

4.3. Results and discussion

Fig. 3 illustrates the average error probability of the EGC and
the SC (both non-CSI and CSI) against the average OSNR µs/λ
for a G = 100 amplifier. Diversity orders of L = 1 − 10 are
considered, so as to demonstrate the efficiency of the presented
approximation. By comparing the two figures, it becomes evident
that the CSI awareness provides a gain of approximately 1–3 dB
for both combiners. Moreover, the two combiners perform closely
for low diversity orders, but the EGC significantly outperforms the

SC as more branches are introduced in the system. For L = 5
the non-CSI EGC performs slightly worse than the CSI SC, while
for L = 10 the non-CSI EGC is actually better that the CSI SC.
These results in close agreement with previous works, where
it has been demonstrated that the EGC is an ‘‘almost-optimal’’
combiner in pre-amplified OWC systems [14]. Finally, it is pos-
sible to identify scenarios that allow for trade-offs between cost
(number of branches) and receiver/combiner complexity (channel
and signal power estimation). Considering for example an average
PER between 10-3 to 10-4, one may achieve similar performance
by utilizing a non-CSI EGC with L = 10 or a CSI EGC with L = 5.
Equivalent performance is also observed for aforementioned PERs
between the L = 5 non-CSI EGC and the L = 5 CSI SC.

5. Average PER over γ − γ fading

In γ − γ fading, each received signal is distributed according
to the following pdf

fµs,ℓ (x) =
2
(
my mx

)my+mx
2

Γ (mx) Γ
(
my
)
x

(
L x
µs

)my+mx
2

× Kmy−mx

(
2

√
my mx

L x
µs

)
,

(27)

where mx and my are related to the effective numbers of large-
and small-scale scatterers in the OWC link and Γ (·) and Kv (·)
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Fig. 4. Average error probability for a G = 100 amplifier and M = 2 modes in moderate (top) and weak (bottom) γ − γ fading. n0 = 20 terms are used for the PER
approximation.

denote the Gamma and second-kind modified Bessel functions,
respectively. Assuming a plane wave transmission [1], we utilize
the following formulas to calculate parameters mx and my

mx =
1

exp
(
σ 2
ln x

)
− 1

,

my =
1

exp
(
σ 2
ln y

)
− 1

,

(28)

respectively. The log-intensity variances are given by

σ 2
ln x =

0.49 σ 2
R(

1 + 1.11 σ
12/5
R

)7/6 ,

σ 2
ln y =

0.51 σ 2
R(

1 + 0.69 σ
12/5
R

)5/6 ,

(29)

and the Rytov variance equals

σ 2
R = 1.23 C2

n k7/6 l11/6 , (30)

where l is the link length, k is the wavenumber and C2
n is the

refractive index structure parameter. Table 2 summarizes the mx
and my values that have been obtained for a link that operates at
1550 nm and a structure constant of C2

n = 4.58 · 10−13 m−2/3.
The EGC fading statistics require knowledge of the distribution

of the sum of iid γ − γ RVs following (12), which is not known

Table 2
γ − γ parameters.
l (m) σ 2

R mx my

155 0.3 8.43 6.92
345 1.3 4.13 2.16

Table 3
α − µ parameters.

l = 155 m l = 345 m

L − 2 L − 5 L − 10 L − 2 L − 5 L − 10

α 0.48 0.46 0.45 0.48 0.43 0.41
µ 32.05 86.41 177.81 11.19 33.51 72.93
x̂ 1.93 4.93 9.92 1.82 4.78 9.77

and has to be approximated. An accurate approximation results
from fitting the four first γ −γ moments to an α−µ distribution
[27]

fµs (x) =
αµµ xαµ−1

x̂αµ Γ (µ)
exp

(
−µ

xα

x̂α

)
. (31)

The calculation of parameters α, µ and x̂ is described in
detail in [28], and Table 3 summarizes their values for the link
and diversity arrangements under consideration. The SC fading
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statistics are evaluated directly from

fµs (x) = L
(∫ x

0
fµs,ℓ (τ ) dτ

)L−1

fµs,ℓ (x) . (32)

Even though both CSI and non-CSI receivers can be studied in
γ − γ fading, we focus on the former since they exhibit superior
performance. Fig. 4 summarizes the average PER of a CSI receiver
for the medium (mx = 4.13, my = 2.16) and weak (mx = 8.43,
my = 6.92) turbulence link. Similar to the NE scenario, the
EGC provides a significant performance enhancement which also
becomes better with the number of the receiving branches in
moderate fading. The SC performance initially improves, but an
increase in the number of branches from five to ten does not
impart a considerable improvement; in fact the L = 5 combiner
performs better for an average PER greater than 10-7. With re-
spect to weak fading, the SC is performing even worse and a L =

5, 10 branch combiner actually introduces a degradation when
compared to a single receiver system. This is to be expected, since
the SC disregards branches with a potentially high OSNR in weak
fading. The EGC generally benefits from additional branches in
weak fading, but there is only but a small gain from increasing
the number of branches over L = 5.

6. Conclusion

We have presented an approximation for the PER in pre-
amplified optical receivers in photon counting statistics. The ap-
proximation reduces the number of terms that are required for
the PER calculation and remains equally efficient for typical am-
plifier gains irrespective of the OSNR. We have also utilized the
approximation to provide analytical and numerical results on the
average PER of pre-amplified diversity reception that employs
an EGC or a SC in weak, moderate and strong fading. Given
its efficiency, the approximation can be utilized to assess the
performance of other fading statistics, combiners and/or higher
order modulation formats via analytical, numerical or simulation
methods.
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